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g ■ Abstract 

\Q ' We implement recent results of pseudo-Hermitian quantum mechanics to description of 

relativistic massive particle with spin-one. We derive a one-parameter family of Lorentz 
invariant positive-definite scalar products on the space of solutions of Proca equation. 

1 Introduction 

As the non-relativistic quantum theory established to be a consistent physical theory a 
natural task of intertwining the quantum mechanics with relativistic theory raised. The 
first attempts to match these two theories has led to a relativistic quantum kinematics 
governed by Klein-Gordon, Dirac and Proca equations I 1 . A manifestly covariant equation 
describing a free massive vector boson 

d^ u + m 2 A u = 0, F» v = d»A v - d v A». (1) 

has been derived by Proca P|. Similarly to its spin-zero counterpart, Klein-Gordon equa- 
tion, it contains a second time derivative. This has a deep consequences resulting in the 
well-known puzzle of probabilistic interpretation of the associated bosonic theories. 

In the forties of the previous century the formalism of the relativistic equations has been 
unified formally (let us mention works of Sakata and Taketani Foldy [1] and Feschbach 
and Villars jS] in this context). Similarly to Dirac equation, evolution equation Q was 
rewritten as idt^f = Hst^- The sequential lost of its manifest covariance was balanced by 

1 Hierarchy of covariant equations of higher spin has been found, see For our present purposes, we 
will consider system with spin s < 1. 
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improved description of spin-one particles and anti-particles as the wave function consists 
of six components. On the contrary to Dirac equation, Hamiltonian represented by 6 x 6 
matrix 

p2 (SP) 2 

Hst = (t 3 + ir 2 )- \-T 3 m-iT 2 , (2) 

2m m 

ceases to be Hermitian. Indeed, it rather fulfills the relation 2 

Hg T T 3 = t 3 H S t- 

As the Hamiltonian (J2J) is Hermitian with respect to an inner product (^ r x>^ r 2)r 3 = 
f ^\r 3 ^>2d 3 x, we call it pseudo-Hermitian Although a reasonable contribution of the 
multi-component formalism, it did not resolve the puzzle of the consistent probabilistic 
interpretation for boson particles. Indefiniteness of the inner product implies existence of 
wave functions with negative quadrat of the norm. Consequently, continuity equation with 
indefinite density of probability had to be reinterpreted as a current conservation law, see 

Recently, several people imagined that the use of the bosonic Hamiltonians Hst m 
relativistic quantum mechanics may be seen as one of the most characteristic applications 
of the so called PT-symmetric version of Quantum Mechanics as proposed by Bender and 
Boettcher (7j. Thanks to a concentrated effort and debate (cf. its small sample in jS] - 
|25| ) it became clear that even the operators O with the "weakened" Hermiticity property 

ot = o e-i ^ 05 = Q t > o, (3) 

(to be called quasi-Hermiticity) may represent, in full accord with the standard postulates 
and probabilistic interpretation of Quantum Mechanics, observable quantities jlUj . 

The constructive approach of the pseudo-Hermitian quantum mechanics was applied to 
Klein-Gordon equation |261 127j successfully. In the following article, we intend to perform 
derivation of the positive metric operator for the free massive particle with spin one. 

The description of our spin-one results will be organized as follows. Firstly we shall 
summarize the formulation of a system described by Proca equation. We refresh standard 
solution of the evolution equation. We then fix an inertial frame in a way discussed, origi- 
nally, by Taketani, Sakata and Tamm This will enable us to outline the construction of 
the massive vector boson Hamiltonian (i.e., of the generator of the time evolution) which 
appears manifestly non-Hermitian. With the purpose of achieving an appropriate physical 
interpretation for the system rewritten in the Schrodingerian form we then summarize the 
application of a few key ideas of the PT-symmetric Quantum Mechanics to our problem. 

Finally, we re-emphasize that the correct probabilistic interpretation of the Proca's 
equation must be based on the introduction and specification of a "correct" metric operator 
^ / in the "physical" Hilbert space of states. We discuss Lorentz invariance of the 
associated scalar product. 

2 The matrices Sj constitute three dimensional representation of rotational group, see 10, Tj are Pauli 
matrices. 
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2 Proca particle 

2.1 Covariant formulation 

The equation (^Q) can be rewritten in a more transparent manner without lost of its manifest 
covariance. Its differentiation and consequent summation reveal that the individual com- 
ponents of the field have to fulfill Klein-Gordon equation and are binded by an additional 
constraint 

(m 2 -D)A„ = 0, %A V = 0, . (4) 

As could be expected in spin-one system, only three components of the field are linearly 
independent. 

The free Klein-Gordon equation is solved by the wave functions 



A^x)=N ± (p)a^(p)e- i ^, Po = ±co, uj = IvV + m 2 ! (5) 
while the additional condition acquires the form 

pa±(p) = 0. (6) 
The three linearly independent four- vectors a±(p) may be chosen in the form 

a±,i = (0, a ±il ) T , a±, 2 = (0, a±, 2 ) T o±, 3 = (±^, (7) 

where the space- like components (i.e., polarization vectors) in the first two items are per- 
pendicular to p while the third one is parallel to p. For the sake of definiteness we may 
fix, say, 

( v (Q,-P3,P2) T , , (p 2 2 + pI -piP2,-pip 3 ) t rs , 

a±,i(p) = ^-==^, a±, 2 (p) = — =L f=%w= 22 =^=f ( 8 ) 
V Pt +P2 V (PS + Pi ) + P1P2 + P1P3 

It is convenient to distinguish the three independent solutions of © by their spin 
properties. In terms of the three-dimensional representation of the rotation group 



Si = -i , S 2 = , S 3 = t (9) 






we may define the operator of helicity which in momentum representation reads 

s / -n 3 n 2 

Hp) = j-r = nS = i\ n 3 -ml. (10) 



IPI 



-n 2 m 



We compose another set of solutions of © by a linear combination of the vectors cu 

, \ a±,i(p) + ia ±Ap) , s a±,i(p) -io±, 2 (p) 

w ±,i(p) = 7= , m± _i(p) - 



^2 ' ^2 

«±,o(p) = a±, 3 (p). (11) 
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It can be verified that the spatial components of the four-vectors u±^ are eigenstates of 
the helicity operator (fTU|) 

fai±,h(p) = /m±,h(p), fc = 1,-1,0. (12) 
Finally, combining ©, © and (fTTj) we get 

A^(x, t) = JV ±ift «^ fc (p)e i P^, (13) 

i.e. an explicit form of wave functions with sharp value of energy and helicity in x- 
representation. 



2.2 Hamiltonian and its wave functions 

As was mentioned in introduction, Feschbach-Villars formulation of integer-spin relativistic 
equations is closely related to the conception of pseudo-Hermitian operators. In this section, 
we refresh Schrodinger-like reformulation of the equations (©. Let us introduce a special 
denotation of components of antisymmetric tensor F^ u that is in a formal accordance with 
the one used in electromagnetism 

= -Ej, i,j = 1,2,3. 
In a fixed inertial frame, the equations then acquire the form 



B = rot A, H = -E-gradAo 

A = -m" 2 divE, %■ = m 2 A + rotB. 



(14) 



An elimination of B and Aq gives 



OA „ V 2 E q „ 3E 2 A V 2 A q A 



where we abbreviated 



q = 2 grad div —V 2 . 



Now, it is easy to arrive at the Schrodinger-like matrix equation 

il\Z = H% (16) 

where we defined 

^ T = (mA,iE) T . (17) 

The equation (|16|) prescribes the time-evolution of our system in its first-quantized 
form. In the absence of any external forces the quantum Hamiltonian H of the vector 
boson is a matrix containing differential operators as its elements 3 

/ o -m + graddiv \ 

H = v 2 graddiv n m • (I 8 ) 



3 The Hamiltonian 1181 can be transformed into a rather standard expression for vector boson Hamilto- 
nian (0 wide-spread in the literature (see cf. 0, El), The relation is 



H ST = AHA~ 1 , A 



1 -1 
-1 -1 
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In coordinate representation this manifestly non-Hermitian 6 x 6— dimensional matrix has 
the transparent operator structure, 





I 
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did 2 


<9i«9 3 
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(19) 



This is a non-Hermitian, V— pseudo-Hermitian operator generating the free motion, 

Ft = VHV -i / H, r=(° I I Q Y (20) 

where I is 3 x 3 unit matrix. 

Quite often, the system is considered confined to a finite box of side length L. For 
the particular periodic boundary conditions imposed at its walls one then arrives at the 
"quantized" energies on the mass shell, 

p ,n = ±^ n = ±\/Pn + m2 > Pn = yn 

with n being a vector of integer components. Vice versa, the continuity of the energies can 
be restored in the L — > oo limit whenever necessary. Considering finite L until section 
let us omit the indexes n. 

To distinguish spin characteristics of wave functions, we introduce another observable 
which commutes with H in momentum representation 

a i \ a i \ i\p\ £ ijkPk Sp 

Ajj(p) = Ai+3J+3 P = 5 = I" | , 

p IpI 

A iJ+3 (p) = A i+3li (p) = 0, i,j = 1,2,3. (21) 

This is a block diagonal operator which examines the spin projection into momentum 
direction, i.e. it measures the helicity of our vector boson. It is easy to verify that the 
latter operator is also pseudo-Hermitian with respect to V, 

At = pAp- 1 . 

The six independent eigenvectors of both (|18|) and ()21j) may be constructed most easily 
in terms of the above-introduced functions (|11|) in momentum representation, 

*±*(P)=( Tt'l iP \ , A & = 1,-1,0. (22) 

We arrive at the complete right-action Schrddinger equation for the fixed-helicity states, 
ff(p)*±,h(p) = ±w* ±)h (p), A(p)* ±)A (p) = /i*± lft (p), • 

Employing pseudo-Hermiticity of the operators, we can write the relations for their adjoint 
ones immediately, 

H\p)V^ ±:h (p) = ±uVV± jh {p), At(p)p* ±A (p) = Wtf± ih (p), ft = ±1, 0. (23) 



5 



It is not difficult to show that the wave functions ^± h(p) fulfill the relation 

(tf e ,h(p),P¥ e ',fc'(p / )} = <W<W<W 

In a way described thoroughly in ref. [Hjj, the set of vectors {^±,/i(p)> 'P^±,h(p)} forms 
a biorthonormal basis of our system in the momentum representation. 



3 Construction of physical metric operator 

Let us, for a while, neglect the particular structure of the operators H and A and con- 
sider them just as non-Hermitian operators admitting spectral decomposition in terms of 
biorthonormal basis [2S| {\ n ,h)i \n, h))\((n, h\m, j) = 5 mn 5hj} 

H = ^2E n \n,h)((n,h\, A = ^ h\n, h)((n, h\ (24) 

n n 

The most general operator V with respect to which H and A are pseudo-hermitian [20] 
(iff = V^HV, At = V^AV) is 

'P = ^2\n,h)}Tr n>h ((n,h\, n n>h G (-oo, oo). (25) 

n,h 

Clearly, family of the operators (|25[) contains positive-definite members. These are just the 
wanted candidates for a physical metric operator. They are of the form 

@ = J2\n,h))9(n,h)((n,h\, 6(n,h)>0. (26) 

n,h 

In the language of ref. the (quasi-)Hermiticity of H and A can be recovered by the 
following redefinition of the scalar product, 

<V#W = <V|G>I0>- 

It holds {ip\H<j)}p hys = {Hip\<j)}p h y S , (if)\A<f)}p h y S = (Atp\(f)}phy S . Further examination may 
proceed in framework of theory of Hermitian operators where Hilbert space is generated 
by rather non-trivial metric and is spanned by {\n,h)}. 

Refreshing the particular properties of H , A and V again, we can rewrite ()26|) for our 
system immediately. Indeed, picking up ((2*01) . (|2*2*|) and the vectors in (|2*5|l we get 



©l(p) = h ) V ^+Av) O^+.^P)) 1 + ^(-w, h)P*- h (p) (V^^ h (p)) ] 

h 

6(±,h) > 0, h = ±1,0. (27) 
Performing quite straightforward calculations, we arrive to the following expression 

ft M ( (P)n (p)i2 \ f9 oN 

0l(p) " U(p)i 2 e ( p) 22 J- (28) 
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Considering the explicit form of the involved quantities (J7J), ©, (fTT|) and (|2*2)l . it could 
be expected that the resulting matrix-operators Ojj will be rather complicated. However, 
these revealed to be of an unexpectedly simple structure 



e( P )n 
e(p)i 2 



s +,i^ T (p) + «+ -i^(p) + s +,oK(p) 

2 



m 

LO 

9 

m 



s iJ (p) + s iJ(p)H #(p 



(p) + s + -i j (p) + -^ s +,o#(p) 



e( P ) 22 = 

s±,ft = ±9(u,h) + 0(—LO,h), 
in terms of 3 x 3 Hermitian matrices J and X with elements 
P 2 $ij - PiPj +i£ijkPk\p' 



J(pk. 



8m 2 p 2 



K(p) 



PiPj 

4m 2 p 2 ' 



i<i, j = 1,2,3. 



(29) 



(30) 



Moreover, the matrices J and K can be expressed as polynimials of the helicity operator 



j 



h 2 -h 



h 2 



8m 2 ' K 4m 2 " (31) 
Then, the metric components (|29|) reveal to be functions of energy and helicity operators. 
The expression (|29[l represents the candidate for proper metric operator. 

However, it suffers from a strong ambiguity represented by the six unknown functions 
8(±u;,h). In the following section, we will impose an additional physically motivated 
requirement which will reduce the unwanted degrees of freedom. 



4 Lorentz invariance 

Let us send the length L, determining the volume in which the particle is confined, in 
infinity. Then the problem appears how to describe the system from various inertial frames 
of reference. To resolve the puzzle, it is crucial to find an appropriate representation of 
Poincare group on a space spanned by wavefunctions. 

It is an immediate physical requirement that the scalar product should be independent 
on the reference frame. Writing this condition explicitly, we have 

(\p;,evi/ 2 ) = (*i,e* 2 ), (32) 

where \E^- are transformed wavefunctions. In standard case where = 1, this condition is 
ensured by unitary representation of Poincare group on the Hilbert space of states. 
Let us consider infinitesimal transformations of the wavefunctions 

*'(x,t) = (l+jeM)*(x,f), e~0 (33) 

where M is a generator of Poincare algebra in an appropriate representation. Then the 
invariance of scalar product leads to the operator equation 

M f 6 = QM. (34) 
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It can be expected that this will reduce the free parameters in the metric operator addi- 
tionally. 

To handle with the relation (J3U, we need to find an explicit form of generators of 
Poincare group. As the transformation properties of wavefunctions (|13|) are known since 
Wigner j2H], it is possible to derive the transformation law for (|17|) directly. Instead of 
performing this straightforward but rather lengthy computation, it is sufficient to refer the 
literature. In 1958, Foldy encountered the problem for relativistic systems with various 
spins @] (see also |3U|). Let us follow the existing procedure by introducing a transforma- 
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S = (8-r 1/2 ( UJ + m + ^f + ^ ), X = M >, (35) 

v 1 \ -u-m -2— -uj-m + -Z— ,A ' y J 

\ LO+m ui+m / 

where is six component wave function (|17[) . The transformation brings the Hamiltonian 
H in (|18|) into the diagonal form 

Hp = BHB~ l = cop, (36) 

while the operator A remains unchanged under this transformation. Foldy found that the 
generators of infinitesimal transformations of Poincare group are 

Hp = 0lo, 
P = Jp, 

K = — xw + ux - a Irp, 

2 m + lo 

J = T(xxp + S), /3=(^ _ 7 ), T=(J (37) 

These constitute a direct sum of two irreducible representations of Poincare algebra 5 . They 
are hermitian with respect to the scalar product 

(Xl,X2) = J x\x2d 3 x. (38) 

The representation (|37j) is called Foldy's canonical representation and appears in many 
works considering relativistic equations of free particles |31| , jSU • 

As we require B to be a unitary mapping the new metric operator reads O = {B -1 )^ QB^ 1 
and is block diagonal 6 

V G. 

The diagonal sub-matrices-operators can be written in a compact form 

1 
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± 



4m 2 



U) 



2uj 2 

0(±u, 1) + 9(±u, -1) 7>B(±w, 0) ) h 2 



It has been found by Case |] as a generalization of Foldy- Wouthuysen transformation to spin one. 
For explicit form of discrete symmetries see |1| 

The initial indefinite metric V appearing in l|20l revealed to be proportional to a proper space inversion 



I 



III 



discrete transformation within the Poincare group (see 



s 



2uj 



2 



+ (9(±u, 1) - 9(±u, -l))h+ — 5-e(±w, 0)1 



m 



(39) 



Now, let us return to the Lorentz invariance condition (|34[). The generators ()37|) are 
hermitian with respect to (|38jl. Thus, we can rewrite the condition as 

MG = GM [M, Q] = 0. 

It is a well known result of representation theory that the operator commuting with all 
generators of an irreducible representation is proportional to identity on the representa- 
tion space. In our case, we deal with reducible representation of the Poincare algebra. 
Consequently, not the metric operator but its particular components 0± have to be 
multiples of the identity operator. Considering their explicit forms (j39fl . we arrive to the 
set of relations for unknown functions 9(±u,j) 

2u 2 

0(±w,l)+0(±w,-l) = — =-0(±w,O) 

0(±w,l) = 0(±CJ,-1) 
w0(±w,O) ~ 1. (40) 

Their solution restrict ambiguity of the metric operator drastically since we obtain 

0(^,0) = ^, 0^,3) = —, J = ±l, (41) 

ijj m 

where a± are dimensionless positive real numbers. 

The evolution equation in Foldy's canonical form is idtx = H*x- It is homogenous, i.e. 
its two solutions which differ by multiplication constant are physically equivalent. Thus, 
one of the parameters a± can be immersed into a wave function. Concluding, the most 
general form of the positive definite, Lorentz invariant metric operator for free spin-one 
particle in Foldy's canonical representation is 7 

e = i,( n ' V 7 = - (42) 

Finally, let us leave the canonical formalism and return to the space of solutions p3j) 
of Proca equation l|T|). We can state the following 

Theorem: Positive- definite and Lorentz invariant scalar products on the space of solutions 
of Proca equation £7J) form a one-parameter set. Explicitly, the scalar product of two 
solutions of Proca equation Aj = (A®,Aj) T , j = 1,2 is 

((A lt A 2 )) = [(Ai, A 2 + grad^) - (Ax + grad^, A 2 



7 It can be transformed, up to a multiplicative constant, into a diagonal matrix. 

1 j m3 V 1 J ' V v^T 

The remaining free parameter is eliminated from the metric. However, probabilistic interpretation remains 
non-unique as the ambiguity moves to the definition of wavefunction. 
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+ A 



&) ImCj 



A 2 ) + ( Ai ±grad J 4?, 



w (pS)' 



2m 3 2m 3 u> 



A 2 + grad^ ) (43) 



where a is in (— 1, 1), (., .) denotes standard scalar product and lu = J dpuj\p)(p\. 
Proof: 

Let us recall the definition of ^ = (mA,—idtA. — 2grad^4 ) T and get the reverse 
transformation of O 



2m 2 \ I J 2m 3 




As Proca equation Q is homogenous, we can absorb one of the coefficients, say a+ + a_, 
to the wave function. Inserting these quantities into 

((Ai,^ 2 )) = (*i,e* 2 ). 

and denoting a = a_ — a+, we arrive to the expression IJ43J) . 

5 Discussion 

In the present article, we considered a free massive vector boson. After a short introduction 
into the its standard quantum description, we re-derived its description within multicom- 
ponent Hamiltonian formalism. Consequently, we summarized main concepts and results 
concerning pseudo-Hermitian diagonalizable operators with discrete spectra and applied 
them to the quantum system. As the dynamics of free massive spin-one particle can be 
rewritten via apparently non-Hermitian operators l|18j). we aimed to apply framework of 
pseudo-Hermitian quantum mechanics to this quantum relativistic system. Particularly, 
we constructed a positive definite operator that plays the role of the positive definite metric 
on the space of solutions of evolution equation (fTB|) . 

Its construction proceeded in two steps. First, we considered the particle to be confined 
in a box with finite length L of side. Then, the resulting positive-definite metric operator 
acquired the form l)29j) . It revealed to be a function of energy and helicity operators. It 
had six degrees of freedom represented by unknown functions #(±, j), j = ±1,0. 

Subsequently, we made a transition to the open space by sending L to infinity. We 
discussed Lorentz invariance of the metric operator Q29|). This physically motivated re- 
quirement reduced the ambiguity of the metric. We found, that the Lorentz invariant 
positive-definite scalar products (|42|) create a one parameter family. We found an explicit 
form of scalar product for solutions of Proca equation (|43|1 which is in a close analogy to 
its spin- zero counterpart derived by Mostafazadeh (201- In this way, we contributed to the 
probabilistic interpretation of the Proca wave functions. 

At the very end, let us still make a few remarks. Attempts to construct a proper 
probabilistic interpretation within the relativistic quantum mechanics are not new. To 
our best knowledge, the most explicit and the oldest work in this direction was done 
by Mathews |32|. In comparison with the approach of the present article and |26| . he 
enquired the problem form the very opposite side. He started the construction with a known 
representation of Poincare algebra for free particles. He seeked an operator which would 
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generate Lorentz invariant scalar product. Although not required from the beginning, the 
resulting operator was positive-definite. Pseudo-Hermitian quantum mechanics enables 
construction of the metric operator in relativistic quantum systems where the generators 
of Poincare group are not given explicitly. In this sense, our approach can be seen as a 
more general. 
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